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SUMMARY 
It is shown that when (a,) and (b”) are increasing sequences of integers with repetitions and 
without gaps, if ansbn for all n and (anxo) is u.d. mod 1 for an irrational number x0, then under 
suitable conditions, (b”x) is u.d. mod 1 for every irrational number x. It follows that if 
a,=O(log n), then (a,x) is not u.d. mod 1 for any real number x. 
01. It is a classical result, going back to W. Sierpinski, P. Bohl and I-I. Weyl, 
that the sequence (nx), n E IN, is uniformly distributed (u.d.) mod 1 for every 
irrational x. ([2], p. 21). 
We may raise the following problem. Let (a,,) be a non-decreasing sequence 
of integers, taking all the values in N. What are the necessary and sufficient 
conditions for (a,~) to be uniformly distributed mod 1 for every irrational x, or 
not u.d. mod 1 for any real number x? 
F. Dress dealt with some aspects of this problem. ([l]) In this note we show 
that, when (an) and (bn) are of the above form, and an5 bn for all n, under 
suitable conditions, (bnx) is u.d. mod 1 for every irrational x if (0~x0) is u.d. 
mod 1 for some .Q E IR. As a consequence we show that, an = O(log n), is a suf- 
ficient condition for (a,,~) not to be u.d. mod 1 for any real number x. 
$2. For definitions and notations we use, the reader may refer to [2]. 
Throughout we assume that (a,,) is a non-decreasing sequence of integers, 
with repetitions but no gaps, i.e. we deal with the sequences of the form: 
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(a,)={=; 2z; 3 ,..., i-l; z; i+l,... } 
where the term an takes the value i, f; times, Ziz 1. If we put 
LO=O, Ln= i li (nz 1) 
i= I 
thenan=iforLi-l<nILi, i=l,2,.... For a similar sequence (bn) we use ki in 
place of 1i and define Ko = 0, 
& = i ki. (nrl) 
i=l 
LEMMA 1. With the above notation, 
(i) (F. Dress) If lim ,,-+@ sup (ML) = 0, with Z,, 2 In-l, then (a,x) is u.d. mod 1 
for every irrational x. 
(ii) If limn+, sup (I&+,)= C>O, then (anx) is not u.d. mod 1 for any real 
number x. 
PROOF, (i) See [l], lemma 2. 
(ii) Suppose there exists an irrational xo with (anxo) u.d. mod 1 and limn-,, 
sup (I,&) = c>o. 
If we put 
h=1,2,... 
where e(x) = exp(2nix), then 
lim WN(h, x0) = 0 for each h E N 
N-co 
(see PI, P. 7). 
Now put 
= -j- e, lk dhkxo 1 
n 
Since 
Lnan=Ln-1 I*e(hkxo)) + fne(hnxo) 
=Ln- lan- I+ &e(hnxo), 
we have 
Ln-1 k e(hnxo)=CTn-- an-l, 
n Ll 
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and 
Since limn+, on =0, we get a contradiction, which establishes the result. 
As an immediate consequence, it can be shown that, if the sequence (&) does 
not grow too fast, (an) grows fast enough so that (0,x) is u.d. mod 1 for every 
irrational x. More precisely, 
LEMMA 2. When In 5 In- 1 and hmn-, (In-I/L)= 1, (anx) is u.d. mod 1 for 
every irrational x. 
. 
PROOF. Let us define cn = (In - in- 1 )/In and cl= 1. Thus we have hmn-roP cn = 0. 
Then 
In Clfl+“‘+CnZn 
-= 
Ln I1 + **a + hi 
Hence, 
and the result follows by Lemma 1. 
Note that, since 
Ln -= L~+l-ln+l=~ &+I -- 
L tI+1 L n+l L ’ n+l 
the condition 
lim Ln -= 1 with fnrfn-1 
n+aD L n+l 
is also sufficient for (anx) to be u.d. mod 1 for every irrational x. 
Now we come to the main theorem. 
THEOREM 1. Let (an) and (bn) be sequences of integers of the above form. 
Suppose an I bn for all n, and (b,,) satisfies the following conditions: 
(i) kn2kn-1 
(ii) lim 1 exists. 
n-m n 
Then, if (anxo) is u.d. mod 1 for an irrational x0, (b,x) is u.d. mod 1 for every 
irrational x. 
To prove the theorem we need the following lemma. 
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LEMMA 3. Let (a,) and (bn) be as in the theorem. Then there exists a subse- 
quence (ani) of (an), such that putting A?,,-, + 1 = Ni, and bNi= mi, we have 
ln,rkmi for i= 1,2, . . . 
PROOF. The sequences (an) and &) are of the following form: 
Kl Km-1 Km 
I I I 
(b+(l).., 1;2 ,........., m-1;m ,.*.. km . . . . . m;m+l,: . . . . . ] 
(an)= (1 ,..... . . . . . . 1;2 ,......... l **, n-l;n,. . . . . . . . . . . . , n;n+l,.....} 
I I l?t 1 
Ll L-1 LtI 
To construct the sequence (ni), let us take an arbitrary element n = Uj, and call 
Lnml+l=N, bjv=m. 
Obviously, m r n. Suppose m - n = ~1. 
If &rk,,,, call n=ni. If Km-L,,-I>&, then &,+I =m. Again, if ln+12km, 
caIln+l=ni. 
Suppose that we repeat this argument and find that fn+r< km+p for p I r, 
p,r= l,Z .*. 
Then, for n between Km- 1 and Km, (a,) takes # different values , 
for n between Km and Km+ I, (a,) takes r$‘) different values; 
.  ”  
.  l 
.  
‘(I) different values. for n between Km+ I- 1 and Km+ Q (a,) takes rt 
$)21 for i=O, 1,2, . . . . t 
KI Km-1 Km K m+l K m+t 
I I I I I 
1,.,1;2,. .,m-l;m ,*.+...* ..,.., m;m+ 1,. .,m+l;m+2,. +., m+t; 
1 ,,,.r,, 1;2 ,...., n-l;n,..;n+#) ,........., n+rl’),n+rl’)‘..‘“+~“‘.... 
I I I 
J5 Ln-I Ln 
Considering the possibility that K m+i#Lm+j for all Or some i,Jl putting 
Nr=Km+t-i+l, we havebN,=m+tand 
I 
aN,l?l+ 1 'j-t. 
j=O 
Therefore when (bn) increases by t, (an) increases by 1 f=e rj - m I, ml 5 t; or 
simply, (a,) increases faster than (bn). Then there exists tl and t(l) s.t. 
OIt(‘)<tl+l, 
m+tl=n+ i rj-t(‘)=Sl+tl. 
j=O 
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In other words, for No=Km+ tt, a&= bN, call aNo=p. If &kp, Call ni=mi=p. 
If Ipckp, then&-I#&-1. Put&-I-Kp-i=po, and&-&=pl. 
K&l KP Kp+l Kp+2 
I 1 I I 
. .p- 1;p ,*+ . . . . . ..I p;p+ 1, - . . . . . . . .,p+ l;p+2,. . . , . . . . .,p+2;p+3,. . 
. .p- 1 ;p, . . * . . . . . .,p;p+ 1 ) . . . . . . . . . , p+l;p+2,.. 
I I I 
Lp-1 LP Lp+l 
I,=pl+ k,-po. Since fp< kfi we have kp+pl -PO< kp and therefore PI <pa 
If Ip+rzkp+l, put ni= m;=p + i. Otherwise, I,+ I < kp+ 1, and putting 
Lp+l-kp+l=pL as above, I ,o+1=kp+I-pr+p2ckp+1, kp+1+p2ckp+1+p1, 
and p2<p1. Similarly, either lp+jL kp +j for some j, or defining 
L p+i- Kp+i=pi+ I, we have p;<p;-I < ..a <PO. Hence, there exists 4 s.t. 
Lp+q- -K,+,qspo. In this case, we have lp+4+I>kp+q+I, and Lp+qcKp+q+l. 
Call n;=mi=p+q+ 1. 
If fni is very large, say if Lni+ I= nt2), bL,,+ r = mf2) and mf2)> nt2), repeating the 
above argument, we either get ni+ I = nt2) + r for some r, and for suitably defined 
m+ I, hi+, L km,, ,, or we can find an integer tL so that, with N2= Km(z)+ tt 
a&= bNP and thus similarly obtain ni+ 1 and so on. 
PROOF OF THE THEOREM: (a,,xo) is u.d. mod 1 for an irrational x0, therefore 
lim += 0 (lemma 1). 
n-m n 
By lemma 3, there exists nilmi, i= 1,2, . . . s.t. ini2 km, and L,- I sKmi. 
Hence, 
in, km, 
Lni-lLE; 
For, 
I L?li -Lni-l _ LUi 
*= Ln,-1 
1 
L&-l ’ 
and 
Assuming (fn,/Lni)+O, we have (hJLni- l)+O and (k&K&+0. 
Since limn+, (kn/Kn) exists by hypothesis, we get lim,+, (kn/Kn) =O. Which, 
together with k,, 1 k, - I, implies that (bnx) is u.d. mod 1 for every irrational x, 
again by lemma 1. 
REMARK. An example of a very slowly growing sequence (c,), for which (cnx) 
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is u.d. mod 1 for every irrational x, is obtained by taking In= [na’*gn] where 
azl. 
For a = 1, computations show that some of the early terms of (c,) are 
5 16 512 
1; 2,2; 3z; 4s; 5, . . . . 7; c*; 9, . . . 
where logarithm is in base 2. 
It is seen from lemma 2 that (c,x) is u.d. mod 1 for every irrational x. It 
follows from our theorem that any sequence (bnx) is u.d. mod 1 for every 
irrational x, if (bn) grows faster than (cn), and k,,/k,,+l is monotonic with 
k+k,,-1. 
In [l] F. Dress also shows that, if (a,,) satisfies an = o(log n), then (anx) is not 
u.d. for any real number x. Using our theorem we generalize this result. 
THEOREM 2. Suppose a,, = O(log n). Then (a,x) is not u.d. mod 1 for any real 
number x. 
PROOF. First, note that, when bn = [log2 n] (b,x) is not u.d. mod 1 for any real 
x. This follows from lemma 1, since for the sequence (bn), kn= 2”, so that 
lim n-to, (kn/K,,) = + > 0. 
Since a,, = O(log n), an I C log n for some C. We can choose a suitable base b 
for the logarithm, and a suitable constant B, such that 
Since an is an integer, ans [log2 n] = bn. 
Hence (a,x) is not u.d. mod 1 for any real x. 
This generalization is best possible in the sense that, when a real-valued 
function f, defined on IN, satisfies limn-+, Cf(n)/log n) = 00, there is always a 
sequence an = OdfCn)) with (anx) being u.d. mod 1 for every irrational x. (See 
[ 11, Theorem 2). 
I should like to thank my supervisor, Dr M.R. Mehdi, for his valuable 
suggestions and corrections. 
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